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Exercise 33: [Example confluence and critical pairs]

Consider the rule system R : h(z, f(z)) — ¢, h(z,x) — b, k(z) — x,9(a) — f(g(k(a)).
1. Prove: There are no critical pairs of R.
2. Prove: R is not confluent.

3. Why is there no contradiction?

Exercise 34: [Local coherence and critical pairs]

Prove: Let CP(R,G) be defined as the set of critical pairs regarding R and the set of
equations G oriented in both ways. If R is left-linear, then the following statements are
equivalent.

1. —p is locally coherent modulo ~.
2. For every critical pair (t1,t2) € CP(R,G) holds t; |~ to.

Exercise 35: [Termination]
Prove the following theorem:

Let A be a set, > a total well-founded ordering on A and I a function mapping every
k-ary function symbol f to a mapping I(f) : A¥ — A, strictly monotonously increa-
sing in every argument (i.e. for all aj,...,ar € A,i € {1,...,k}, and a; > a holds:
I(f)(al, ey By ey (lk) > I(f)((ll, B0 7 NS¢ 0 7 T [N ak).

Let I(3) : Term(F,V) — A be defined as:

I(B)(t) = B(1), ifteV
@) (f(trs s tn)) = I(HAB) (1), - L(B)(En))-

Let G be a term-rewriting system and let I(5)(l) > I(8)(r) for every rule I — r € G
and for every variable assigment 3 : V — A. Then G is terminating.

Exercise 36: [Example for termination]

Consider the rule system R : f(x) — h(s(z)), h(0) — h(s(0)) with = € V. Prove:
1. The theorem of exercise 35 is not applicable to R for A = N.
2. R is confluent.

3. R is terminating.
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